A graph G is said to be cyclable if for each orientation → G of G, there exists a set S of vertices such that reversing all the arcs of → G with one end in S results in a hamiltonian digraph. Let G be a 3-connected graph of order n ¿ 36. In this paper, we show that if for any three independent vertices x1, x2 and x3,
Introduction
We use Bondy and Murty [1] for terminology and notation not deÿned here. Let for all h 1 ; h 2 ∈ V (H ), then H is a clique. Let P be a path with a given direction. If u; v ∈ P, then uPv denotes the consecutive vertices of P from u to v and v Pu the same vertices in reverse order. We will consider uPv and v Pu both as sub-paths and as vertex sets. If v ∈ P, then v + denotes the successor of v on P and v − its predecessor.
We deÿne 2 (G) by the minimum value of the degree sum of any two non-adjacent vertices of G. Let If f(C) is even, then we say C is good under the orientation. Otherwise, we say C is bad.
We adopt the following terminology given in [8] . Pushing a vertex v in a digraph reverses all the orientations of all arcs incident with v. We say that a digraph → G can be pushed to a digraph H if a digraph isomorphic to H can be obtained by applying a sequence of pushes to → G. The push operation has been studied by Pretzel [10] [11] [12] . Klostermeyer and Soltes [8] introduced a hamilton-like property of graphs, that is, cyclability. A graph is said to be cyclable if each of its orientations can be pushed to one that contains a directed hamiltonian cycle. Recently, some results for cyclability were given by Chen et al. [4] , Goia [6] , Klostermeyer [7] , Klostermeyer and Soltes [8] and others.
The following is the ÿrst result on cyclability due to Klostermeyer.
Theorem 1 (Klostermeyer [7] ). Let G be a graph with order n. If n is odd, then G is cyclable if and only if G is hamiltonian. If n is even, then an orientation → G of G can be pushed to one that contains a directed hamiltonian cycle if and only if → G contains a good hamiltonian cycle.
Clearly, each cyclable graph is hamiltonian. However, the reverse is not true. Furthermore, neither hamilton-connectivity nor cycle extendibility is stronger than cyclability and vice versa (see [8] ). Hence, as pointed out in [4] , for any theorem on hamiltonicity, it is of interest to give an analogous result for cyclable graphs. From Theorem 1, it su ces to consider graphs with an even order.
In [4] , Chen et al. give a su cient condition for a graph to be cyclable in terms of degree-sum of two non-adjacent vertices.
Theorem 2 (Chen et al. [4] ). Let G be a graph of even order n ¿ 8.
The following theorem is a generalization of the result on hamiltonicity of a graph involving neighborhood unions in [5] .
Theorem 3 (Tian [13] ). Let G be a 2-connected graph of order n ¿ 3. If for any three independent vertices x 1 , x 2 and x 3 ,
then G is hamiltonian.
In this paper, we will give a neighborhood-union condition for cyclability. Theorem 4. Let G be a 3-connected graph of even order n ¿ 36. If for any three independent vertices x 1 , x 2 and x 3 ,
then G is cyclable.
By Theorem 4, we have the following corollary.
Corollary 5. Let G be a 3-connected graph of even order n ¿ 36. If for any two non-adjacent vertices u and v, |N (u) ∪ N (v)| ¿ (2n + 1)=3; then G is cyclable.
Lemmas
In this section, we give some lemmas that will be used in Section 3.
Lemma 1 (Klostermeyer and Soltes [8] ). Let G e a graph of even order. If for each orientation
G contains a good 4-cycle with a chord, say a 1 a 2 a 3 a 4 with a 1 a 3 ∈ E(G), such that there exists a hamiltonian path in G − {a 1 ; a 3 } connecting a 2 and a 4 , then G is cyclable.
Lemma 2 (Klostermeyer and Soltes [8] ). Let K 2; 3 = (A; B) be a complete bipartite graph with bipartition A = {a 1 ; a 2 } and B = {b 1 ; b 2 ; b 3 }. Then for any orientation of K 2; 3 , at least one of the cycles a 1 b 1 a 2 b 2 , a 1 b 1 a 2 b 3 and a 1 b 2 a 2 b 3 is good.
Lemma 3 (Klostermeyer and Soltes [8] ). Let G be a graph of even order, xy ∈ E(G) and {v 1 ; v 2 ; v 3 } ⊆ N (x) ∩ N (y). If for any two vertices v i ; v j ∈ {v 1 ; v 2 ; v 3 }, there exists a hamiltonian path in G − {x; y} connecting v i and v j , then G is cyclable.
In the next proof, we use the following notation. If I = {x 1 ; x 2 ; x 3 } is an independent set of G, then we set S 0 (I ) = V − N (I ), S 1 (I ) = {x ∈ V N (x) ∩ I | = 1} and D(I ) = V − (S 0 (I ) ∪ S 1 (I )). Thus it is easy to see that 16i¡j63 |N (
Lemma 4. Let G be a connected graph of even order n ¿ 36. If for any three independent vertices x 1 , x 2 and x 3 ,
then there exists an edge xy ∈ E(G) such that
Proof. By contradiction. Assume for each edge xy ∈ E(G), |N (x)∩N (y)| 6 2. Let v be a vertex of G with maximum degree, and N (v)={v 1 ; v 2 ; : :
We ÿrst show that there exist at most two isolated vertices in H . Otherwise, let v 1 ; v 2 and v 3 be the three isolated vertices of H , and set I = {v 1 ; v 2 ; v 3 }. Obviously, N (v) ⊆ S 0 (I ), and hence |S 0 (I )| ¿ (G). By the assumption and (S1), 2n ¡ 2(n − |S 0 (I )|) + |D(I )| 6 2(n − (G)) + |D(I )|, and hence
Denote by H * the graph obtained from H by deleting all the isolated vertices. Thus 1 6 (H * ) 6 2, and hence each component of H * is a cycle or non-trivial path. Assume that H * has at most two components (otherwise, ( * ) holds). Since |H * | ¿ 11, there exists a component with at least six vertices. Therefore ( * ) holds.
Since (H * ) 6 2, |S 0 (I )| ¿ (G) − 6 and hence by the assumption and (S1), we have 2n Lemma 6. Let G be a connected graph of order n and for any three independent vertices x 1 , x 2 and
Proof. Suppose that |N P (H )| ¿ 3 or |N P (H )| = 2 but v s ∈ N P (H ). Denote N P (H ) = {y 1 ; y 2 ; : : : ; y t }, where y 1 ; y 2 ; : : : ; y t occurring in this order on P, and the ÿrst noninsertible vertex on y (2) and (3) 
Lemma 8 (Ore [9] ). Let G be a simple graph of order n ¿ 3. If 2 (G) ¿ n + 1, then G is hamilton-connected.
Lemma 9 (Chen [3] ). Let G be a 3-connected graph of order n. If for any two non-adjacent vertices u and v, d(u)
Lemma 10. Let G be a simple graph of order n. If for any two non-adjacent vertices
Proof. Suppose that u; v be any two non-adjacent vertices of G. Since uv ∈ E(G), we have |N (u) ∪ N (v)| 6 n − 2. Thus, by the assumption of the lemma, we get that 
Proof of Theorem 4
In this section, we still use the notations deÿned in Section 2. Let G be a 3-connected graph satisfying the condition of Theorem 4. By Lemmas 2 and 4, for any orientation
G contains a good 4-cycle with a chord . Assume a 1 a 2 a 3 a 4 is a good 4-cycle  with a 1 a 3 ∈ E(G) . Let G * = G − {a 1 ; a 3 }. If G * contains a hamiltonian path connecting a 2 and a 4 , then G is cyclable by Lemma 1. Hence, we can assume G * contains no hamiltonian path connecting a 2 and a 4 . If a 2 a 4 ∈ E(G), then we also assume G−{a 2 ; a 4 } contains no hamiltonian path connecting a 1 and a 3 . Assume P and Q are longest paths connecting a 2 , a 4 in G * and a 1 , a 3 in G − {a 2 ; a 4 }, respectively. First, we could make the following assumption by symmetry.
Assumption 1. |V (P)| ¿ |V (Q)| if a 2 a 4 ∈ E(G).
Choose P such that over all such paths P described above, the number of components of G * − P is minimum. Let P = v 1 v 2 · · · v s with v 1 = a 2 , v s = a 4 and H 1 ; H 2 ; : : : ; H ! the components of G * − P. By Lemma 6, we have that N P (H i ) = {a 2 ; a 4 } or |N P (H i )| = 1 for i = 1; 2; : : : ; !.
Proof. Assume to the contrary that ! ¿ 1. Fact 1. There exist no vertices u 1 ∈ V (H 1 ), u 2 ∈ V (H 2 ) and v ∈ V (P) such that I = {u 1 ; u 2 ; v} is an independent set.
Proof. Suppose such an independent set exists. Then |D(I )| 6 5 and |S 0 (I )| ¿ 3. By (S1), 2n + 1 6 2(n − |S 0 (I )|) + |D(I )| 6 2n − 1, a contradiction.
By Fact 1, we have ! =2, N P (H 1 ) ∩ N P (H 2 )=∅ and N P (H 1 ) ∪ N P (H 2 )=P. Therefore 2 6 |V (P)| 6 3. Assume |H 2 | ¿ |H 1 |, we have |H 2 | ¿ 16 as n ¿ 36. Proof. Suppose N P (H 2 ) = {a 2 ; a 4 }. Then |N H2 (P)| ¿ 1 by Fact 1. Assume a 2 u 2 ; a 4 u 4 ∈ E(G), where u 2 ; u 4 ∈ V (H 2 ). Obviously, there exists a path R connecting u 2 and u 4 in H 2 . Let R = a 2 u 2 R u 4 a 4 . Then |R| ¿ 4 ¿ |P|, contradicting the choice of P.
If |V (P)|= 3, then N P (H 1 )={a 2 ; a 4 } with |V (H 1 )|= 1 and N P (H 2 )={v 2 } by Lemma 6 and Fact 2. Let P = v 1 u 1 v 3 with u 1 ∈ V (H 1 ). Then |V (P )| = |V (P)|, but G * − P only has one component, contradicting the choice of P.
If |V (P)|=2, then a 2 a 4 ∈ E(G) and |N P (H 1 )|=|N P (H 2 )|=1. Since G is 3-connected, we can assume a 1 u 0 ; a 3 u 1 ∈ E(G), where u 0 ; u 1 ∈ V (H 1 ). Obviously, there exists a path Q connecting u 0 and u 1 in H 1 . But the path Q = a 1 u 0 Q u 1 a 3 would be contrary to Assumption 1.
By Claim 1, we will denote the only component of G * − P by H . Then N P (H ) = {a 2 ; a 4 } or |N P (H )| = 1. Let S 1 = {a 1 ; a 3 }; S 2 = N P (H ); P 1 = P − S 2 and S = S 1 ∪ S 2 . Then |S 2 | 6 2 and |S| 6 4.
Proof. Suppose G[P 1 ] is disconnected. Let A and B be two components of G[P 1 ]. Set a ∈ A, b ∈ B and u ∈ H . Then I = {a; b; u} is an independent set, D(I ) ⊆ S and |S 0 (I )| ¿ 3. Thus by (S1), we have 2n + 1 6 2(n − |S 0 (I )|) + |D(I )| 6 2(n − 3) + 4 = 2n − 2, a contradiction. Claim 3. Let v i ; v j (u i ; u j , resp.) be two non-adjacent vertices of P 1 (H , resp.). Then
Proof. Let v i and v j be two non-adjacent vertices of P 1 , and let u ∈ H , then {v i ; v j ; u} is an independent set. Since
Proof. If G[P 1 ] is a clique, then the conclusion follows. So we can assume that G[P 1 ] is not clique. By Claim 3 and Lemma 10, we have (
By Claims 2, 4 and G being 3-connected, it is easy to check that the following claim holds.
Claim 5.
There is a hamiltonian path in G[H ∪ S] (G[P 1 ∪ S], resp.) connecting a i and a j , where a i ∈ S 1 and a j ∈ S 2 . Claim 6. Suppose |P 1 | ¿ 16 (|H | ¿ 16, resp.). Then there exists an edge xy ∈ E(G[P 1 ]) (xy ∈ E(H ), resp.) such that |N P1 (x)∩N P1 (y)| ¿ 3, |N P1 (S)−{x; y}| ¿ 3 and N P1 (S i )− {x; y} = ∅; i = 1; 2 (|N H (x) ∩ N H (y)| ¿ 3, |N H (S) − {x; y}| ¿ 3 and N P1 (S i ) − {x; y} = ∅; i = 1; 2, resp.).
Proof. If G[P 1 ] is a clique, then the claim holds as |P 1 | ¿ 16. So we assume G[P 1 ] is not a clique. Obviously, |N P1 (S i )| ¿ 1 for i = 1; 2. If |N P1 (S i )| ¿ 3 for i = 1; 2, then the claim holds by Claim 3 and Lemmas 10 and 7. So we can assume, without loss of generality, that |N P1 (S 1 )| 6 2. We will prove the claim by considering the following two cases:
(1) |N P1 (S 2 )| 6 2. Then |N P1 (S)| 6 4. Let P =P 1 −N P1 (S). Then |P | ¿ 12. If G[P ] is a clique, then the claim holds. So we assume that G[P ] is not a clique. Let v; w be any two non-adjacent vertices of G[P ] and u ∈ H , then {v; w; u} is an independent set. Since N S∪H (P ) = ∅, we have (2) |N P1 (S 2 )| ¿ 3. Let
is a clique, then the claim holds. So we assume that G[P 1 ] is not a clique. Let v ; w be any two non-adjacent vertices of G[P 1 ], then {v ; w ; u} is an independent set, where u ∈ H . Claim 7. Let xy ∈ E(P 1 ) (xy ∈ E(H ), resp.) satisfying the condition of Claim 5. Set c 1 ; c 2 ; c 3 ∈ N (x) ∩ N (y) ∩ V (P 1 ) (c 1 ; c 2 ; c 3 ∈ N (x) ∩ N (y) ∩ V (H ), resp.). If there exists a hamilton-path in G[P 1 − {x; y}] (G[H − {x; y}], resp.) connecting c i and c j , where c i ; c j ∈ {c 1 ; c 2 ; c 3 }, then G is cyclable.
Proof. Assume G is not cyclable. Let P * = w 1 w 2 · · · w t be the hamilton-path in G[P 1 − {x; y}] connecting c i and c j with c i = w 1 ; c j = w t , where c i ; c j ∈ {c 1 ; c 2 ; c 3 }. By Claim 6, |N P * (S)| ¿ 3 and |N P * (S i )| ¿ 1 for i = 1; 2. Assume y i ∈ N P * (S 1 ), i = 1; 2 and y 1 ; y 2 are chosen such that N (S)∩y − ∈ E(G) and w ∈ y + 1 P * y 2 or y + 2 w + ∈ E(G) and w ∈ (w 1 P * y 1 ) ∪ (y Let P 2 = P 1 − {x; y} (H 1 = H − {x; y}, resp.), where x; y satisfy the conditions of Claim 6. Proof. If G[P 2 ] is not 3-connected. Then G[P 2 ] − T is disconnected for some T ⊂ P 2 with |T | 6 2. Let A be a component of P 2 − T and B = P 2 − (T ∪ A). 
Question
We do not know that whether the conclusion of Theorem 4 is true when n ¡ 36. This prompts us to ask the following question: Question. Is there a non-cyclable graph of order n ¡ 36 satisfying the condition of Theorem 4 ?
